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k < : Ae
(1 +e)th &, +thkH, ™ ({4 &) [V sin (0 + o) — sin 6]

The wave motion obtained for the stationary problem examined above will always be stable.
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APPARENT INTERNAL WAVES IN A FLUID WITH EXPONENTIAL DENSITY
DISTRIBUTION

S. A, Makarov and Yu. D. Chashechkin UbC 532.593

On the basis of a modified stationary phase method proposed in [1, 2], the constant
phase surfaces of internal waves excited by a body moving at an arbitrary angle to the hori-
zon, which agree satisfactorily with those observed experimentally, are determined in [3] in
the plane and three-dimensional cases. Taking account of the integral transforms [4, 5],
the plane and spatial problems of wave motions occurring during the flow around submerged
sources and sinks of identical intensity by a uniform fluid stream stratified with respect
to the density are considered by numerical methods in a linear formulation in [6]. The
asymptotic solution for the wave field excited by a dipole and an arbitrary source-sink
system moving in an exponentially stratified fluid is obtained in [7, 8]. These solutions
describe the wave pattern occurring during motion of a body at high velocities.

The purpose of this paper is the determination of the amplitude phase characteristics
of apparent internal waves in a fluid with an exponential density distribution for uniform
horizontal body displacement in a broad range of motion regimes {(including motion at low
velocities) and their subsequent comparison with the results of laboratory experiments.
Dissipative and diffusion effects (i.e., the change in particle density during motion is not
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taken into account) and the influence of the free surface are neglected in the solution.
It is considered that the fluid is infinitely deep.

The system of hydrodynamic equations governing the velocity field v has the form
(66t - vy)pv = —vyp - og, (0/0¢t + vy)p = 0, yv = m, (1

where t is the time, p is the demsity, p is the pressure, g is the acceleration of gravity,
m(x, v, 2, t) is the source and sink distribution in the fluid, and V = 18/dz 4 md/dy -

nad/dz.

The analysis is performed in the OXYZ laboratory coordinate system (the X axis is
directed along the line of body motion, the Z axis is vertically upward) and the coordinate
system OX*YZ (x* = x — Ut) coupled to the body.

The problem is solved in the Boussinesq approximation. The dimensional parameters of
the problem are: po(z) = po(0)exp[—2z/A] is the fluid density, A = [d lnpo(2z)/dz]™* is the
scale of the stratification, T is the periodand the frequency of free internal vibrations in
the fluid is N = V/g/A, T = 2n/N; d is the vertical and L the horizontal dimension of the
body, and U is the velocity of its motionj; no is the amplitude and A the phase of the in-
ternal wave.

The nondimensional parameters are: Fr = U?/N?d? is the internal Froude number; C = A/d
is the scale ratio; ¥ = L/d is the body elongation; x° = x*N/AU, y° = yN/AU, z° = zN/AU are
dimensionless coordinates.

Irrotational flow around a body by a stream of homogeneous ideal fluid is equivalent
to the flow around a combination of sources and sinks [9]. This result can be extended to
a stratified fluid also in the case of small gradients, when the fluid density varies in-
significantly in ranges on the order of the body dimension [6].

Motion of a dipole and a system consisting of a source and sink of equal intensity
located at a range 2a is considered.

Taking account of the coupling between the vertical deviation of a constant density
surface from the equilibrium position n(x, v, z, t) and the vertical velocity component [7],
the linearized system (1) is reduced to the following equation:

[ 92 02_62,02) o0t %) ; 2 0 ,
b leE T e Y (ax .ayz) (0o GIN (2, 4,2, 1)] = 57 57 (00 (2) (2,1 2, 2)). (2)
Values of m(x, y, 2z, t) are presented in [6, 7] for the motion of plane and three-

dimensional bodies. '

A solution of (2) is sought with zero boundary conditions at infinity. Steady-state
wave motion is considered.,

The internal waves being formed during uniform body motion in a stratified fluid are
called apparent since the wave pattern is stationary in the coordinate system coupled to
the body.

Taking into account that w = —aU for uniform horizontal body motion, the asymptotic
solution of (2) has the form [1]

NJR WWﬁmmMW+M+WL
s =5 v:6[1TR] 0(,

_/

(3)

]

as r*»» along any radius-vector {; the summation is over all points k = {«, B, v} of the
wave number surface defined by the dispersion relation

Glew, Boy) = @D + B = 9) — Nt 4 B = 0. W

in which the no¥mal to the surface is parallel to g and

l'*.vh(,' ( E] & g\ (5\
——(3_9_—>0|V lj’?{‘ nt E -~ 1 -5-;‘;!) /
0]

under the condition that the surface (4) has nonzero Caussian curvature K at each of these
pointe [1]. The coefticient B depends on the sign of the curvature and the shape of the
wave number surface (4), while F(a, £, y) is the tourier transform of the right side of (Z).
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By analogy with [1], the asymptotic solution of (2} in the plane case (the coordinates
{x, z}) is

7 L

g’ viu"a'?-‘;} oxp J\’f.r" ; - "f‘-sguf{j, { (0
a1 N L S ' 1) 6
N{I*, ) 1 ¥ im lthEV5l\; 0\1"" ] (6)
as r*»« along any radius vecter ¢: summation is over all points k = {a, v} of the curve
Glo, v) == (@Y {a? +93) — Via® =,
where the normal to the curve 1s parallel to q and (3) is satisfied.
As is seen from (3) and (6), the constant-phase surfaces have the form k-r¥ = 4,
Since the vector r* is parallel to the normal to the surface G = 0 at the point k. then
A4
¥ o=
k.va VhG' (7)
Taking account of (4), it follows from the solution of the system (7) that the con-
stant-phase surfaces are described in the three-dimensional case by the equation
(x()) o l\yo) 1 (ZO)Z]L(O)A - 1]7 (8)

which agrees with [3, 10]. 1In the plane case
(z%) +— (& = . (9)
Formulas (8) and (9) have been derived for a point source, when no interference occurs
between the waves excited by its distinct parts, which could alter the pattern obtained for
the constant-phase surfaces.
-The inequality (5) is the radiation condition according to which all the waves are
generated by a source and do not arrive at infinity. It follows therefrom that wave-forma-

tion occurs only behind the moving body, i.e., for x* < 0, and in the spherical {r¥, ¢, 0}
coordinates coupled to the body z* =r*c¢os0, y =r*sinOcosg, z=r*sinBsing for 8 » n/2.

‘The points k = {&, B, y} of the wave number surface (4), in which the normal to the
surface is in agreement with the direction chosen r* = (2%, y, z}, are found from the system

(@U@ -+ B* 48 — N¥(0? + BY) = 0, ly,G-r*] = 0. (10)

The vector equation of the system (10) ceontains two linearly independent equations.
Taking account of the a, B, and vy determined from (10):

N . V cost0 . N 1—cos®0sin® g
o —_— gt S, 0 COSO Ay = —_——
o=k sin @ cos 9, § E Ty Singcesg, vtk Y
the wavelength is
5= 21 . cr _ U7 sing (11)
Vad+pt—° / (- %27 V1 —sin g cos® 8
1/ IECAE L

The wavelength in the y = 0 plane is identical everywhere and equals A, = UT; outside
this plane A tends to zero as it approaches the X axis.

In the case of uniform horizontal motion of a dipole in a deep fluid with weak stratifi-
cation, the vertical displacement n defined by (3) agrees with the solution in [7]. For
small U (or large k), a singularity of the form 1/U is observed in the solution in [7].

In the case of motion of a source—sink system, it follows from (3) that

E‘ 170~ R V1 —sin® @ cos® 8 ' (12)

& sin B ’

M {r%,8.¢) -

. Na . \ NPty 1
sin { = sin g cosB]cos| smcp)‘ - ()( ~ 1,
| /‘ ' ok

o~

\

r¥ oo, 12 <A< a (for 8=, K =10),
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The vertical displacement (12) does not vanish as U=0. Upon going over to the labora-
tery coordinate system n, (%, ¥y, z, t) does not tend to zero at the fixed point x, y, z
{y % 0) as t—>» exactly as the solution in [7].

In the plane case for flow around a dipole, it follows from (6) that

“ 3o, 2 N x bie 1)

w2V m RV fes( S5~ 1) o) (13
r¥ > oo, o¥ <2,
and for the flow around a source—sink system
o R z V—l—f . {Na z¥ [ Nr¥ 7\ 1 14
* - 2% 2V Y gplidrE SN B
1, (z*, 2) - = (a) — ~ sm( 77 r*)cos( 7 4) ]LO(?_*.,~ (14
arctg (g :

r¥ —> o, JS*<0
Both nz(x, z, t) and ns(x, 2z, t) tend to zero as t-»»; however, only (1l4) vanishes as
-0,

The singularities noted above for the solutions for point perturbations, the dipole in
[7], the source—sink pair (12), indicate the nonequivalence of replacing the motion of a
three~dimensional body in an inviscid fluid by the motion of point perturbations for not
only low [7] but even high velocities when Fr > 1 and can be eliminated by replacing
the delta function in the system (1) by a sequence of classical functions of the form

exp[— r2i?)
(V=P
The case under consideration of the flow around distributed sources and sinks at
ranges bl < r < A (b > 1) is equivalent to the flow around point sources and sinks of
intensity M; = Mgerf®(b), which corresponds to the flow around an ovoid, where Mo is the
intensity of the point sources [9].

—06(r), {—0. . (15)

Then taking account of (5) it follows from (3) that in the Boussinesq approximation
(o = UT € h)

P

L ]eXp‘A_ (_’—.“Z_YJE Va2+ R Vl—sinz(pcos20 (16)

(18) n* (%, 8. ¢)- exp
/\a

» sin "% sin @ cos O COS(
i p )

4A% L %) a sin 6

ot

A

U

Sin @ - sgn(sin ¢) 57 sin 6

N 1—sinchcos2 6)
. 1 ) ki1
0(“) 0, o<

The second exponential factor results in the rapid attenuation of (16) as U~0 and
exerts slight influence for high U. For high velocities nt ~ 1/U, the amplitude lnﬁl of the
vertical displacement (16) has maximums at the points Up determined for I < Ao/7 from the
condition

%;lehlwcosa{r:-g-a-nn, ne=0,1,2, ... 17
n

as the velocity diminishes.

As 1 increases, the maximums of the amplitudes shift negligibly toward higher U.

The dependence of the internal wave amplitude on the streamlining velocity for small U
such that Fry = U?/(N®a®) < 1 is explained by interference of waves from coherent sources
(sources and sinks) located at the range 2a. The maxima of the amplitudes are observed
in the XZ plane for U = U, determined from

%ICOSG[-:%(Zn—‘Ll), n==0,1,2,..., (18
from which it follows that

2ajcos O] = nh, + A2, K, = U,T,
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which is a condition of the interference. The appearance of the A,/2 is related to the
opposing effects of the source and sink.

It follows from (18) that for low velocities (Fry < 1), there are several amplitude
maxima at different angles 6p

U = .

iCOSen“—":—-‘NFT(Z?’? -4 1), ??"'0, 1,, 2, . (19)

As the velocity increases, the maxima shift to the trace axis.

For the motion of an extended body with elongation £ = g/R the internal wave amplitude
is |n°| n oVl o+ 55 for Fr, > 1, which agrees with [6], while [nol vVl o+ 1/8% for
Fry < 1 and decreases as the elongation grows.

The shape of the constant-wave surface differs somewhat from (8) for motion of the
distributed source—sink since the phase addition

N 1 —sin® geos®0
sgn (sin @) 57 S0 s

whose value increases with the approach to the X axis, enters into (16).

Upon going over to the laboratory coordinate system OXYZ, it follows from (16) that

. i i Nz/z 3 (U1 y? )'}
(0, 4,2, 1) - —exp exp ”(l e || 2
0.y, 2, 0) ! { 4A7 ] L s\ PR (207
. 1//41: Ky __L Vi . z2 (Ut)z
; 2 V;!/?-{—Zz yz '}_Zz (Ut)z h,(_yz —';~zz
. [ Na z U ) N v T
X Sm(———— :_ —— | cos| -7 V(U L yF -2
U V2 :"<Ut)2+y“+:‘) {U Fe

x{ z &+ 1’ sgn(y) (1__ * ()2 ) \
Vy2+z2 t2A ,/y‘z—_}_z'z g (L't)z—;-y")—#z"" |

1
»‘f~0(m§>, ]/(l/t "-~— z% —> oo, t>0.

)

'S (Ut)2

T TP (/1 RS EN TR s
decreases, and for v # 0 because of the decrease in the second exponential factor. The
frequency of oscillation tends to

The expression (20) vanishes as t» for y = 0 because the term L/fi——

N !-;.’ e v o N
Vi+as L 2 5 Vre

as time passes.
The first oscillations have a period somewhat greater than T(vy® + z*)/z.

The asymptotic solution is applicable at large ranges (compared to the wavelength)
from the source:

r¥ > Ay (21
The inequality
Mo} < A
is the linearity criterion.
If A << 7l then the linear solution (16) is valid when the condition

2 53
r¥> }\'OR Vaz -+ R

e (mul)? a

ﬂniigishl@cose)l ‘ (22)

is satisfied, which is equivalent for Frp X 1 to

A R? 3 2
r*>> 0 5 Va +R
e (sul} a

-

I
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Fie. 1 Fig. 2

and for Fryg 2 1 to

RV I+

g [ sing cosB},

rE >

where e is the base of the natural logarithms.
If X > nl, then the linear solution (16) is valid when the inequality

By, Vo
P 4

r¥ > sin{—‘}i Sinq‘(‘()ri())i (23)

u /

is satisfied, which is equivalent for Fr, l 1 to

B, VR

e ——s )
rS u

and for Fry > 1 to

kN
I

SRV ELR,
'—lﬁ—JééL;j;j—lSlﬂq‘CUSG;V
7.
It follows from (22) and (23) that a domain exists near the X axis where the linear
solution is not wvalid.

An experimental investigation of apparent internal waves was performed in a 1.5 x 0.4 x
0.4 m laboratory tank filled with an aqueous solution of common salt with a homogeneous con~
centration gradient (demsity), A=4.4 m, N = 1.5 sec”®, T = 4.2 sec. The phase patterns
were recorded by using an 1AB-451 shadowgraph, and the amplitudes bv using a ''single-point”
contact converter of the electrical conductivity [11]. 1lhe boundaries of the dark and
light bands on the shadow photograms are the peaks and valleys of the wavesj the blackening
density is proportional to the wave amplitude. The tests performed showed that because of
the blocking effect in the stratified fluid, the fluid velocity and density profilés vary
at ranges on the order of a diameter ahead of and behind the bodv. It can hence be con-
sidered that internal waves are radiated by the whole system consisting of the body and the
fluid it entrained. 1In connection with the presence of viscosity, the entrained fluid has.
an ovoidal shape.

The wave pattern in the XZ plane that occurs during horizontal motion of an elongated
body d = 1 cm, L = 8 cm with velocity U = 1 cm/sec, T = 4.2 sec is represented in Fig. 1.
The break in the wave surfaces observed in the moving picture presented is explained by a
phase jump of 7 as the sign of sin ((Na/U)cos #) changes. The angles 6p at which the break
occurs are determined from the condition

(Na/U)| cos 0,1 - mp, p - 1,2, 3., (24

In this case (6p = 56°, p = 1), it follows from (24) that 2a = 7.6 cm, which agrees
approximately with L.

Because of the blocking effect, an analcgous pattern can be observed in the motion oif
a sphere (Fig. 2, y = 0, d = 2 em, U = 1.02 crn/sec, T = 4.2 sec, It = 0.11, o, = 20°:. Here
a = 2.25 cm is determined from (24).
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Fig. 4 Fig. 5

The wave pattern in the XZ plane that occurs during horizontal motion of a sphere d =
2 cm with velocity U = 0.64 cm/sec, T = 4,2 sec, Fr = 0.044 is represented in Fig. 3. As
the velocity diminishes, the effective horizontal dimension of the domain of internal wave
excitation increases. A break in the phase surface is observed on the shadowgram at the
angle 6, = 39° (p = 2) and in the interference maximum of the amplitude at the angle 6, =
22° (n = 2) to the motion axis. Substitution of the mentioned values of 6, and 8p in (18)

and (24) yields similar values for the half-range between the centers of the sources aq; =
3.6 cm and az = 3.45 cm.

The solutions (13), (14), (16) obtained are antisymmetric with respect to the plane
(line) z = 0 in the three-dimensional (planar) case. Mathematically this is associated
with the change in sign of sin ¢ or (z) during passage from the upper to the lower half-
space (half-plane), and physically with the opposite initial displacements in these half-
spaces (half-planes). It is seen in Figs. 1-3 that the wave crest in the upper half-plane
corresponds to the trough in the lower.

A recording of measurements of the magnitude of the vertical fluid particle displace-
ment n(0, y, 2z, t) is presented in Fig. 4 for horizontal motion of the sphere d = 2.5 cm
with velocity U = 1.65 cm/sec, T = 4.2 sec, Fr = 0.19 at the point y = 0, z = 5 cm. The
points 1, 3, 5 are the troughs, and 2, 4, 5 the crests. The arrival time computed by means
of (16) for the wave crests and troughs at the measurement points t, = 2.9, 5.5, 7.8, 10,
12.1, 14.2 sec (n =1, 2, ..., 6) is in good agreement with those observed experimentally
even for the primary waves. For the case given the solution (16) agrees with experiment
for the selection ¢ = 2.5 cm, 2 =~ 1 cm; then the computeé ratics of the vibration spans

! 4+
Liﬁﬁf——giﬁﬁi (n=1, 2, 3, 4) equal 1.4, 1,38, 1.25, 1.2. It follows from the recordings
Ino ‘n-l-l_i gno!n .

that these ratios are 0.88, 1.56, 1.24, 1.14. As the range to the source increases, the
difference between the computed and observed quantities diminishes.

The dependence of the maximum particle displacement in the internal wave is represented
in Fig. 5 for horizontal motion of a sphere of diameter d = 1 cm in a fluid with A = 4.2 m
(point 1) and A = 17 m (point 2) at the point y = 0, z = 12 cm. The slope of the line on
the graph corresponds to the dependence Fr /2 which agrees with the law for the decrease
in the amplitude no ~ 1/U for Fr > 1, while 7 =~ 1.3 cm for Fr < 0.8.
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As the sphere moves with high velocities (Fr > 1) 7 < d/4, and a < d also diminishes
as the velocity increases.

The solution {16, obtained agrees satisfactorily with laboratory test results even at
distances on the order of Zi,.

Since the wavelength is less or on the order of the body dimensions for Fr < 1, then
the influence of viscosity should be taken intc account in determining the amplitude char-
acteristics of the internal waves.
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